Unit I - INTRODUCTION
EX.NO:1
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[image: image2.png]Solution Let w(x) denote the deflection of the beam (field variable). The differential
equation formulation leads to the following statement of the problem:

Find w(x) that satisfies the governing equation [Eq. (1.24) with constant p and E1]

0<a<l (®)

and the boundary conditions

w(z =0) = w(z =1) = 0 (deflection zero at ends)

dw dtw ()
Bl (@=0)= EIgZ(x=1) =0 (b

ding moment zero at ends)

where E is the Young’s modulus, and I is the moment of inertia of the beam. The
variational formulation gives the following statement of the problem:

Find w(x) that minimizes the integral®
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and satisfies the boundary conditions stated in Eq. (E2).

We shall approximate the solution w(x) by orthogonal functions of the simusoidal type.
For example,
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[image: image3.png]where the functions fi(z) = sin(wz/l) and fa(x) = sin(3wz/l) satisfy the boundary
conditions, Eq. (E2). The substitution of Eq. (E4) into Eq. (Es) gives
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By using the relations
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[image: image4.png]Eq. () can be written as
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imum of A, we have

where Cy and Cy are independent constants. For the
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[image: image5.png]Thus, the deflection of the beam is given by

i (52) i (52)] @

The deflection of the beam at the middle point is given by

968 pi* 1 plt
w(z=1/2)= 5035 BT = 65 ET (E12)
‘which compares well with the exact solution
5 pl* 1 S
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We can find a more accurate solution by including more terms in Eq. (E4). The n term
solution converges to the exact solution as n — oo.



     
EX.NO:2
[image: image6.png]Find the approximate deflection of a simply supported beam under a
uniformly distributed load p using the Galerkin method.

Solution The differ

al equation governing the deflection of the beam (w) is given by

o<z<t ()
The boundary conditions to be satisfied are
w(z=0)=w(z=1)=0 (deflection zero at ends)
8 1, " (E2)
=0)= )=0 (bending moment zero at ends)

where E is the Young’s modulus, and I is the moment of inertia of the beam.
‘We shall assume the trial solution as

w@) = Cusin (22 + Cysin (?) = Cifi() + Cafale) (Es)

where fi(z) and fa(x) satisfy the boundary conditions, Eq. (Es), and C; and Cy are the
unknown constants. By substituting the trial solution of Eq. (E3) into Eq. (E1), we obtain
the residual, R, as

r=p1c: (3
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[image: image7.png]By applying the Galerkin procedure, we obtain
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The solution of Eqs. (Es) is
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EX.NO.3
[image: image8.png]Find the approximate deflection of a simply supported beam under a
uniformly distributed load p using the least squares method.

Solution The governing differential equation and the boundary conditions are the same

as those given in Eqs. (E1) and (E2), respectively, By assuming the trial
solution as

w(z) = Cifi(x) + Cafo(z) (E1)
where

fi(@)

5

(F) and 1o (E2)

the residual, R, becomes
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tion of the least squares method gives the following equations:
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Or
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The solution of Eqs. (Ex) and (Es) leads to
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EX.NO:4
Explain the general steps in FEA with the help of a flowchart?
Discretization of structure > Numbering of Nodes and Elements > Selection of Displacement function or interpolation function > Define the material behavior by using Strain – Displacement and Stress – Strain relationships > Derivation of element stiffness matrix and equations > Assemble the element equations to obtain the global or total equations > Applying boundary conditions > Solution for the unknown displacements > computation of the element strains and stresses from the nodal displacements > Interpret the results (post processing).

EX.NO:5
[image: image11.png]We first consider the following system of three equations to illustrate the Gaussian
climination method:

21— 22 4 323 = 10 (E1)
2wy + 3y 23 =15 (E2)
Az1 4202 — 33 =6 (Ea)

To eliminate the ; terms from Eqs. (Ea) and (Es), we multiply Eq. (E1) by —2 and —4
and add respectively to Eqs. (E2) and (Es) leaving the first equation unchanged. We will
then have

21— 22+ 305 =10 (B0
5y — 5z3 (Es)
6z — 1375 (Es)





[image: image12.png]To eliminate the =2 term from Eq. (Eg), multiply Eq. (Es) by —6/5 and add to Eq. (Es).
We will now have the triangular system

21— 224325 = 10 (E7)
52, — 53 = =5 (Es)
—Tas = 28 (Es)

This triangular system can now be solved by back substitution. From Eq. (Es) we find
23 = 4. Substituting this value for z3 into Eq. (Es) and solving for z2, we obtain 2 = 3.
Finally, knowing z3 and z2, we can solve Eq. (E1) for 1, obtaining z1 = 1. This solution
can also be obtained by adopting the following equivalent procedure.

Equation (E1) can be solved for z; to obtain
o1 =10+ 25 — 373 (Exo)

Substitution of this expr

ion for 1 into Eqs. (Es) and (Es) gives
525 — b2y = —5 (En)
625 — 1325 = —34 (E12)

The solution of Ba. (Ex1) for z» leads to
ra=olda (Exa)
By substituting Eq. (E13) into Eq. (E12) we obtain

—Tog = —28 (E1)
It can be seen that Eqs. (E10), (E11), and (E14) are the same as Eqs. (E7), (Es), and

(Es), respectively. Hence, we can obtain z3 = 4 from Eq. (Ei1), z2 = 3 from Eq. (Exs),
and 21 = 1 from Eq. (E10).





EX.NO:6

Describe the types of weighted residual methods.

Weighted Residual method 
It is a powerful approximate procedure applicable to several problems. For non – structural problems, the method of weighted residuals becomes very useful. It has many types. The popular four methods are, 
1. Point collocation method, 

[image: image1.png]Find the approximate deflection of a simply supported beam under a
uniformly distributed load p (Figure ) using the Rayleigh-Ritz method.

pper unitlength

\
e

iy A,

. |
] {

Figure Simply Supported Beam under Uniformly Distributed Load.





Residuals are set to zero at n different locations Xi, and the weighting function wi is denoted as (x - xi).

·  (x  xi) R (x; a1, a2, a3… an) dx = 0 
2. Sub domain collocation method, 

[image: image13.png]Here, the domain V' is first subdivided into n subdomains Vi, i = 1,2,...,n, and the
integral of the :

This yields n simultancous algebraic equations for the n unknowns Ci, i = 1,2, ....n.
It can be seen that the method is equivalent to choosing

1 ifzisinV;

fR)=R and ‘”:{o if 2 is not in Vi, i =1,2,





3. Least square method, 

· [R (x; a1, a2, a3… an)]2 dx = minimum. 
4. Galerkin’s method. 

wi = Ni (x)

 Ni (x) [R (x; a1, a2, a3… an)]2 dx = 0,
i = 1, 2, 3, …n.
EX.NO:7

Write the advantages, disadvantages and applications of FEM.

Advantages of Finite Element Method 
1. FEM can handle irregular geometry in a convenient manner. 

2. Handles general load conditions without difficulty 

3. Non – homogeneous materials can be handled easily. 

4. Higher order elements may be implemented. 

Disadvantages of Finite Element Method 
5. It requires a digital computer and fairly extensive 

6. It requires longer execution time compared with FEM. 

7. Output result will vary considerably. 

Applications of Finite Element Analysis 
Structural Problems: 
1. Stress analysis including truss and frame analysis 

2. Stress concentration problems typically associated with holes, fillets or other changes in geometry in a body. 

3. Buckling Analysis: Example: Connecting rod subjected to axial compression. 

4. Vibration Analysis: Example: A beam subjected to different types of loading. 


Non - Structural Problems:

1.  Heat Transfer analysis:

Example: Steady state thermal analysis on composite cylinder.

2.  Fluid flow analysis:

Example: Fluid flow through pipes.

EX.NO:8
[image: image14.png]Use Galerkin’s method of weighted residuals to obtain an approximate solution of the

differential equation g2
— - 102 = 0=x=1

with boundary conditions y(0) = y(1) = 0.

u Solution

The presence of the quadratic term in the differential equation suggests that trial functions
in polynomial form are suitable. For homogeneous boundary conditions at x = a and
x = b, the general form

Nx) = (x = xa)(x = x)*

with p and ¢ being positive integers greater than zero, automatically satisfics the bound-
ary conditions and is continuous inx, < x < x,. Using a single trial function, the sim-
plest such form that satisfies the stated boundary conditions s

Ni(x) =x(x— 1)
Using this trial function, the approximate solution per Equation 5.3 is
YEx) =cax(x = 1)

and the first and second derivatives are

dy*
LA S
™ a2x—1)
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[image: image15.png]Substitution of the second derivative of y*(x) into the differential equation yiclds the
residual as
R(x;¢;) =2¢, — 10x% =5

which is clearly nonzero. Substitution into Equation 5.7 gives
1
/x(x —1)(2c — 10x> = 5)dx =0
o
which after integration yields ¢; = 4, so the approximate solution is obtained as
VHx) = dx(x = 1)

For this relatively simple example, we can compare the approximate solution result with
the exact solution, obtained by integrating the differential equation twice as follows:
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Applying the boundary condition y(0) = 0 gives C; = 0, while the condition y(1)
becomes

5.5
S+s+0
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from which €, = —10/3. Hence, the exact solution s given by

Y= 2xt s 2o 2
o=dvsle-
2 3





[image: image16.png]assuming a general polynomial form for the solution as
VHX) = Co+ €1X + x4+

u Solution
For a first trial, we take only the quadratic form

V) = €o+ 01X + 0017
and apply the boundary conditions to obtain

Y*0) =
Y =0=ci+c

LY

The second boundary condition equations show that ¢; and ¢; are not independent if the
homogeneous boundary condition is to be satisfied exactly. Instead, we obtain the con-
straint relation ¢, = —c; . The trial solution becomes

Y¥(x) = c1x + ex? = eix — ex? = erx(1 — x)

and is the same as the solution obtained in Example 5.1.
Next we add the cubic term and write the trial solution as

YHX) = co+ X + o + oax®





[image: image17.png]Application of the boundary conditions results in
YH0) =0=c,
Y =0=c+ete
so we have the constraint relation
at+te+ea=0
Expressing the constraint as c3 = —(c + ¢2), the trial solution becomes
VHX) = X + 0% + 3x3° = o x + 6x? — (¢ + e)x’ = e x(1 — x) + ex3(1 - x)

and we have obtained two trial functions, cach identically satisfying the boundary condi-
tions. Determination of the constants for the two-term solution is left as and end-of-
chapter exercise. Instead, we add the quartic term and examine the trial solution

YHX) = o+ 61X + 0ox? + o3x” + ext




[image: image18.png]and the boundary conditions give
=0

Gtotate=0
‘We use the constraint relation to eliminate (arbitrarily) c; to obtain
VHX) = X + 68 4 X — (01 + 6 + e)xt
=cx(1 = x%) + ex(1 = x) + ex’(1 = x)
Substituting into the differential equation, the residual is found to be
R(x: ¢y €3, 03) = —12¢137 + €2(2 — 122%) + ¢c3(6x — 12x%) — 10x2 = 5

If we set the residual expression equal to zero and equate coefficients of powers of x, we
find that the residual s exactly zero if
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s that y*(x) = gx‘ + ?2 5 and we have obtained the exact solution.





